The gravitational wave (GW) as a standard siren directly determines the luminosity distance from the gravitational waveform without reference to the specific cosmological model, of which the redshift can be obtained separately by means of the electromagnetic counterpart like GW events from binary neutron stars and massive black hole binaries (MBHBs). To see to what extent the standard siren can reproduce the presumed dipole anisotropy written in the simulated data of standard siren events from typical configurations of GW detectors, we find that (1) for the Laser Interferometer Space Antenna with different MBHB models during five-year observations, the cosmic isotropy can be ruled out at 3σ confidence level (C.L.) and the dipole direction can be constrained roughly around 20% at 2σ C.L., as long as the dipole amplitude is larger than 0.03, 0.06 and 0.025 for MBHB models Q3d, pop III and Q3nod with increasing constraining ability, respectively; (2) for Einstein Telescope with no less than 200 standard siren events, the cosmic isotropy can be ruled out at 3σ C.L. if the dipole amplitude is larger than 0.06, and the dipole direction can be constrained within 20% at 3σ C.L. if the dipole amplitude is near 0.1; (3) for the Deci-Hertz Interferometer Gravitational wave Observatory with no less than 100 standard siren events, the cosmic isotropy can be ruled out at 3σ C.L. for dipole amplitude larger than 0.03 , and the dipole direction can even be constrained within 10% at 3σ C.L. if the dipole amplitude is larger than 0.07. Our work manifests the promising perspective of the constraint ability on the cosmic anisotropy from the standard siren approach.
I. INTRODUCTION
The cosmological principle states that our Universe is spatially homogeneous and isotropic on sufficiently large scales, which mathematically leads to the FriedmannLemaître-Robertson-Walker (FLRW) metric. Based on the FLRW metric, the modern cosmology is constructed as the Λ-cold-dark-matter (ΛCDM) model, which is consistent with various observational constraints, such as observations from cosmic microwave background (CMB) radiation [1] [2] [3] [4] and observations from large scale structures [5] [6] [7] . However, there are still some puzzling conflicts between the ΛCDM model and some observations [8] , for example, the hemispherical power asymmetry of various CMB anomalies [9] , which was first noticed in Wilkinson microwave anisotropy probe (WMAP) data analysis [10] [11] [12] [13] and later confirmed in Planck 2013/2015 data analysis [14] [15] [16] . This hemispherical asymmetry reflects an asymmetric power of one ecliptic hemisphere with respect to the other one, which can be modeled as dipole modulation anisotropy [17, 18] . In Planck 2013 [14] , the dipole amplitude is constrained around 0.078 ± 0.021 and the dipole direction is constrained around (l, b) = (227
• , −15
• . In Planck 2015 [16] , the dipole amplitude is constrained around 0.066 ± 0.021 and the dipole direction is constrained around (l, b) = (230
• , −16
• )±24
• . Besides the temperature data of CMB observations, this dipole anisotropy also manifests itself in polarized data [19, 20] . Apart from CMB observations, this dipole anisotropy can be seen in other cosmological observations like large scale structures [21, 22] as well. For example, [23] introduced a new method to investigate the possibility of a cosmic anisotropy, through the luminosity distance that enters via the x-ray fluxluminosity conversion, while the temperature measurement is cosmology independent. They indeed identified a cosmic dipole. For theoretical interpretations on cos-mic anisotropy that have been extensively studied in previous literature, we want to mention that the cosmic anisotropies are naturally generated in the vector-tensor theories of gravity [24] [25] [26] . Even if the background is chosen to be spatially homogeneous and isotropic, the vector perturbations will introduce interesting features.
Another way to probe the dipole anisotropy is to use the type Ia supernovae (SNe Ia) data. Since SNe Ia have approximately the same absolute magnitude, they can be used to measure the luminosity distance, which leads to the discovery that the expansion of the Universe is accelerating. What is more, Tsagas [27] argued that peculiar velocities introduce a preferred spatial direction, so that one may find that the acceleration is maximized in one direction and minimized in the opposite, which might be associated with dipolelike anisotropy. Assuming the deviation of luminosity distance in isotropic background is the dipole form, Cai et al. argued that the dipole modulation is needed at 2σ confidence level (C.L.) and some preferred directions have been identified by using Union2 SNe Ia data and gamma-ray burst (GRB) data [28, 29] . Other studies on cosmological isotropy with the help of SNe Ia data sets can be found in [30] [31] [32] [33] .
Recently, the first detection of a standard siren event from the GW170817 merger event of binary neutron stars (BNSs) by the LIGO-Virgo detector network [34] shows us the use of GW as a standard siren [35, 36] to directly determine the luminosity distance from the gravitational waveform of coalescing binaries. With the identification of the associated electromagnetic (EM) counterpart, the redshift can also be determined. Apart from the coalescing binaries involving neutron stars, the massive black hole binaries (MBHBs) from 10 4 to 10 7 M are also expected to produce a detectable EM counterpart, because they are supposed to merge in a gas-rich environment and within the laser interferometer space antenna (LISA) frequency band [37, 38] . In addition, the MBHB standard siren will probe the cosmic expansion at distances up to z ∼ 15 that SNIa cannot reach. So long as the luminosity distance-redshift relation is obtained, we would be able to take GW as an alternative way to probe the anisotropy of cosmic expansion.
Although, the standard siren method was used in [39] to probe the evolution of the Hubble parameter by a dipole induced from local peculiar velocity, there has been no study to our knowledge on the dipole anisotropy from the standard siren approach. In this paper, we fill in this gap as an application of the standard siren on cosmology [40] . We first generate an anisotropic sample of standard siren events with presumed dipole field, then we populate the anisotropic sample within the detection configurations from LISA, Einstein Telescope (ET) and Deci-Hertz Interferometer Gravitational wave Observatory (DECIGO), next we apply the Markov chain Monte Carlo (MCMC) analysis to constrain this populated anisotropic sample; finally we can see to what extent these standard siren events can reproduce the presumed dipole anisotropy written in the simulated data.
The paper is organized as follows. In Sec. II, we introduce the idea about using GW as a standard siren and obtain the information of luminosity distance. In Sec. III, we simulate the standard siren events, introduce the dipole modulation and adopt the MCMC approach to constrain the anisotropic amplitude and direction. In Sec. IV, we present our main results and discuss the constraint ability. Conclusions will be given in Sec. V. Throughout this paper, a flat universe is assumed for simplicity, and the geometric unit c = G = 1 is adopted so that 1 Mpc = 1.02938 × 10
14 Hz −1 and 1 M = 4.92535 × 10 −6 Hz −1 .
II. GRAVITATIONAL WAVE AS A STANDARD SIREN
In the spatially flat FLRW universe, the luminosity distance is given by
where E(z) ≡ H(z)/H 0 and H 0 = 100h km s
is the Hubble constant. We take the standard ΛCDM model as the fiducial cosmological model and the Hubble parameter is given by
where Ω m is the matter density parameter today. We take the fiducial values
from the current Planck 2015 data [4] . The detector response to a GW signal in the transverse-traceless (TT) gauge is given by
where F +,× are the antenna pattern functions for the two polarizations, h + = h xx = −h yy , h × = h xy = h yx , and (θ, φ) are the angles which denote the direction of the source in the detector frame, ψ is the polarization angle. The pattern functions could be different depending on the angle spanned by the two interferometer arms. Let us firstly consider laser interferometer space antenna (LISA), which is a space-based GW detector designed for signals of merging massive black holes, stellar black hole binaries and extreme mass ratio inspirals. We adopt the LISA configuration to be N2A2M5L6, which means 2 Gm arm length, two active laser links (arms) fixed, five-year's mission duration and six links in total. This configuration is in agreement with the first results from the LISA pathfinder mission, which also considers the actual LISA configuration that will be proposed at the L3 European Space Agency (ESA) call for mission.
The pattern functions for LISA are given by [41] 
and the two other pattern functions are F
Next we focus on the Einstein Telescope (ET), which is a proposed third-generation ground-based GW detector. The three 10-km-long arms of ET will be in an equilateral triangle, and the frequency it will cover ranges from 1 to 10 4 Hz. The corresponding pattern functions for ET [42] are
and the rest of the pattern functions are F
+,× (θ, φ + 4π/3, ψ), respectively, since the three interferometers align with an angle 60
• with each other. The third detector we consider here is the DeciHertz Interferometer Gravitational wave Observatory (DECIGO) [43] , which is a future plan of Japanese space mission for observing GWs around 0.1-10 Hz, similar to the big bang observer (BBO) proposed by America. DE-CIGO is made up of four trianglelike units, and for each unit, in order to obtain the orthogonal data streams, we take linear combinations so that they form an orthogonal basis for L-shaped interferometers on the detector plane; see [44] for more details. For DECIGO, the antenna pattern functions are given by
and another pair is F
+,× (θ, φ, ψ) = F
+,× (θ, φ − π/4, ψ), due to the fact that the triangle unit can be effectively regarded as the two L-shaped interferometers, and they align with the angle 45
• with each other. Next we compute the Fourier transform of the GW signal by applying the stationary phase approximation,
where the amplitude is given by
where ι is the inclination angle between the orbit and the line of sight. The phase in Eq. (8) is computed in the post-Newtonian formalism up to 3.5 PN and the specific expression of which can be found in [39] , therefore we can neglect the spin effects when considering the binary system. Here M c denotes the observed total mass M c = (1 + z)M η 3/5 , where M = m 1 + m 2 represents the total mass of the binary components, and η = m 1 m 2 /M 2 is the symmetric mass ratio.
One way to obtain the corresponding redshifts of GW events is to identify their electromagnetic counterparts, and it has achieved great success in GW170817 [34] . One of the EM counterparts is short gamma-ray bursts (SGRBs), which last less than about two seconds, and they are believed to originate from the merger of two compact stars, such as BNSs. SGRBs are highly relativistic and strongly beamed phenomena, so only those propagating directly along the line of sight are likely to be detected, thus they naturally break the distance-inclination degeneracy appearing in the gravitational waveform. It is worth noting that the maximal inclination is ι 20
• [45] . But when we average the Fisher matrix over the inclination ι and the polarization angle ψ with ι < 20
• , the result is almost the same as we take ι to be 0. In the following simulations, we therefore take ι = 0
• for simplicity, which makes the amplitude A of the gravitational waveform independent of ψ as well.
Note that since the observation of the inspirals of MBHBs by LISA will last several months, the sky position of which relative to the detector will change during this time, causing a varying detector response. Therefore, we need to change the analysis of LISA slightly by taking the rotation effect into account according to [46] , which is different from that of the ground-based detectors. We take the sun as the center, and modulate our simulated angles as follows:
whereθ S ,φ S are the angles we simulate and the subscript "S" denotes "source".φ(t) =φ 0 +2πt/T , where T equals one year, andφ 0 is just a constant specifying the detector's location at time t = 0. α 1 (t) = 2πt/T − π/12 + α 0 , where α 0 is just a constant that specifies the orientation of the arms at t = 0. In our simulation, we adopt φ 0 = α 0 = 0 for simplicity. The instant t(f ) that quadrupole frequency sweeps past f until the instant t c when the BHs merge is (to the lowest order):
where f and t are the frequency and time measured on the Earth. In the following simulation on GW events detected by LISA, we shall use Eqs. (10) and (11) as the angles inserting into the pattern functions.
III. SIMULATIONS OF THE GRAVITATIONAL WAVE DETECTIONS
The NS mass distribution we choose is uniform within [1, 2] M , where M is the solar mass. The black hole mass is chosen to be uniform in the interval [3, 10] M . The ratio of possibly detecting black hole-neutron star binary (BHNS) and BNS events we consider here is nearly 0.03 [47] . The redshift distribution of the observable sources is given by [42] 
where d C is the comoving distance defined as
1/E(z )dz , and R(z) describes the NS-NS merger rate, which is given by [48] 
Speaking of standard siren sources for LISA, three representative models of the expected MBHB sources are adopted following [37, 38, 49 ]:
1. Model pop III.-a "realistic" light-seed model including the delays with which massive BHs merge after their host galaxies coalesce, stating that massive BHs form from the remnants of population III (pop III) stars;
2. Model Q3d.-a "realistic" heavy-seed model with delays included, which states that massive BHs form from the collapse of protogalactic disks;
3. Model Q3nod.
-the same as model Q3d, but with no delays.
The mass distribution of massive BHs we choose is uniform within [10 4 , 10 7 ] M , and the redshift distributions of MBHB events during five-year observations for the above three models are adopted from Fig. 1 in [49] , of which the total number of GW events is 28, 27 and 41 for the above three models, respectively. A GW event is claimed only when the signal-to-noise ratio (SNR) of the detector network reaches over 8, following the current threshold used in LIGO/Virgo analysis. The combined SNR for the network of N (N = 2 for LISA, N = 3 for ET and N = 2 for DECIGO) independent interferometers is given by
where
. Givenã(f ) andb(f ) as the Fourier transforms of some functions a(t) and b(t), the scalar product is defined as
where S h (f ) denotes the one-side noise power spectral density (PSD), characterizing the performance of GW detector. For LISA, the noise PSD is given by [41] 
where L is the arm length taken to be 2 Gm, S n,acc (f ), S n,sn (f ) and S n,omn (f ) represent the noise components due to low-frequency acceleration, shot noise and other measurement noise, respectively. We adopt the following values for N2A2M5L6 configurations 
The noise PSD of ET is [42] S ET h (f ) =10 −50 (2.39 × 10 −27 x −15.64 + 0.349x
where x = f /f p with f p ≡ 100 Hz. For DECIGO, the noise PSD is [50]
where x = f /f p with f p ≡ 7.36 Hz. The lower and upper cutoff frequencies for LISA are chosen to be f min = 10 −4 Hz and f max = c/2πL 0.05 Gm L Hz, respectively. For ET, we adopt them to be f min = 1 Hz and f max = 2f LSO , where the orbit frequency at the last stable orbit f LSO = 1/6 3/2 2πM obs with the observed total mass M obs = (1 + z)M . As for DECIGO, they are taken to be f min = 0.233(
Hz and f max = 100 Hz, respectively [39] , here T obs denotes the observation time, and we set it as one year in the following simulation.
We apply the standard Fisher matrix to estimate the instrumental error on the measurement of luminosity distance. We assume that the error on d L is uncorrelated with errors on the remaining GW parameters, so that
From Eqs. (8) and (9), it can be seen that
As mentioned above, the inclination angle is ideally set to be 0. However, when we estimate the practical uncertainty of the measurement of luminosity distance, the correction between d L and ι is then necessary to be taken into account. Note that the maximal effect of the inclination on the SNR is a factor of 2 when we take ι between 0
• and 90
• [45] . Therefore, we add this factor to the instrumental error for a conservative estimation
Another error that we need to consider is σ lens dL due to the effect of weak lensing, and we assume σ lens dL /d L = 0.05z as [42] .
For ET, we therefore take the total uncertainty on the luminosity distance as
As for DECIGO, we adopt the lensing error by following [39] as
0.25 1.8 . (24) In addition, peculiar velocity error due to the clustering of galaxies and binary barycentric motion is considered as well, and is given by [51] 
where σ v,gal is the one-dimensional velocity dispersion of the galaxy and set to be σ v,gal = 300 km s −1 , independent of the redshifts. Therefore, the total uncertainty on the measurement of d L is
In the case of LISA [38] , the main contribution of the total errors on d L at high redshift comes from the weak lensing part (24) , which will decrease by a factor of 2 when we account for the merger and ringdown. The peculiar velocity error [38] is given by
where v 2 is the peculiar velocity of the host galaxy with respect to the Hubble flow, which we fix at 500 km s −1 as a rough estimate. In principle, we only need to consider the lensing error that dominates the most part of the total errors. However, as a conservative estimation, we also include the instrumental error part, which almost makes no difference on the final results.
In order to find out the constraint ability on anisotropy, we need to calculate χ 2 , which is given by
dL are the ith luminosity distance and corresponding error of the simulated data, N denotes the number of data sets. The fiducial luminosity distance d
where we parametrize the dipole modulation simply by its amplitude g and directionn given bŷ
where θ ∈ [0, π) and φ ∈ [0, 2π). The fiducial angles of anisotropic direction we choose are θ f = π/2 and φ f = π. Since we are just interested in the constraint ability on their measurements, the exact values are not essential in the simulations. Therefore, the fiducial amplitude g f is chosen as a variable ranging from 0.005 to 0.1 with interval 0.005.
The approach we adopted in this paper to simulate the mock data of standard siren events is as follows [52] [1, 2] M , and the random mass of black hole is within [3, 10] M . It is worth noting that, the ratio of possibly detecting BHNS and BNS events is set to be 0.03 [47] . It is also worth noting that, the random value for the black hole mass of MBHB is between [ fid L and the error σ dL . It is worth noting that, for some direction angles, the threshold SNR > 8 may not be fulfilled no matter how many trials of random sampling for the binaries masses are done. Therefore we have to simulate GW events of number N larger than we need at the first place, say 2N , and pick the first N events after the whole simulation process is finished.
4. With the simulated measurements of both luminosity distance and redshift in hand, we then calculate the χ 2 in Eq. (28) with
We apply the MCMC method to calculate the likelihood function of (g, θ, φ) and find out the constrained dipole modulation (g c , θ c , φ c ), which will be compared with the presumed fiducial dipole modulation (g f , θ f , φ f ).
IV. SUMMARY OF RESULTS
Using the approach introduced in III, we first obtain the result for LISA, shown in Fig. 1 . The cosmic isotropy can be ruled out at 3σ C.L. and the dipole direction can be constrained roughly around 20% at 2σ C.L., as long as the dipole amplitude is larger than 0.03, 0.06 and 0.025 for MBHB models Q3d, pop III and Q3nod with increasing constraining ability, respectively, which is consistent with the results from [53] .
Next, we plot the standard deviations (σ g c , σ θ c , σ φ c ) normalized by corresponding fiducial values (g f , θ f , φ f ) in logarithmic units with respect to the fiducial dipole amplitude g f and GW event number N , which are shown in Fig. 2 . With the increase of g f and N , the three standard deviations all get smaller and smaller, indicating the improvement of constraint ability. However, this improvement for g is not as significant as that for θ and φ. While for DECIGO, they share almost the same tendency. It can be obviously seen that DECIGO has better performance than ET, comparing the top panels with the bottom panels.
In Fig. 3 , we choose some representative panels by fixing the fiducial value of amplitude g f (shown in the bottom of each panel), to explicitly illustrate how well ET can put constraint on anisotropy with respect to the given number N of GW events. We find that once the dipole amplitude g f is increased to 0.06, the cosmic isotropy can be ruled out at 3σ C.L. with no less than 200 GW events, and the dipole direction can be constrained within 20% at 3σ C.L. if g f is near 0.1. The similar figure for DECIGO is presented in Fig. 4 , but with different values of amplitude g f . From the top panels, we can see that fewer GW events is needed than that of ET case, namely N 100, in order to rule out the cosmic isotropy at 3σ C.L. as long as g 0.03. Speaking of the constraint on the dipole direction, with g f 0.07 and N 100, we can constrain it within 10% at 3σ C.L., much better than ET does. However, the constraint ability from LISA with 30 standard siren events is roughly comparable with those from ET and DECIGO with few hundreds of standard siren events.
V. CONCLUSIONS
In this paper, we use GW as the standard siren to investigate the constraint ability on the anisotropy in the Universe expansion. Comparing with the approach using SNe Ia data sets, GW enjoys the advantage of high accuracy with less sources of systematic errors, since the luminosity distance can be inferred directly and precisely from the gravitational waveform of coalescing binaries. Besides, the redshift can also be determined by the accompanying EM counterparts. With presumed dipole anisotropy, we construct the simulated data of GW events from BNS and BHNS for both ET and DECIGO and GW events from MBHB for LISA as well.
For LISA, we find that the cosmic isotropy can be ruled out at 3σ C.L. so long as the dipole amplitude is larger than 0.03, 0.06 and 0.025 for MBHB models Q3d, pop III and Q3nod, respectively. At the same time, the dipole direction can be constrained roughly around 20% at 2σ C.L.. For ET with no less than 200 GW events, we can rule out the cosmic isotropy at 3σ C.L. if the dipole amplitude is larger than 0.06, and the dipole direction can be constrained within 20% at 3σ C.L. if the dipole amplitude is close to 0.1. For DECIGO with no-less than 100 GW events, the cosmic isotropy can be ruled out at 3σ C.L. for dipole amplitude larger than 0.03, and the dipole direction can even be constrained within 10% at 3σ C.L. if dipole amplitude is larger than 0.07. Our work manifests the promising perspective of the constraint ability on the cosmic anisotropy from the standard siren approach. 
